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ABSTRACT

The tau method for the numerical solution of Ordinary Differential Equations (ODEs) seeks an
approximant of the solution which exactly satisfies the corresponding Perturbed Ordinary Differential
Equations (PODE). This tau approximant has the power of x as its basis function. In this paper, the
differential variant of the tau method for initial value problems(IVPs) in the class of non-
overdetermined third order ordinary differential equations is considered. The corresponding error
estimate for the variant is obtained and numerical results for some selected problems were provided.
The order of the approximant is closely captured based on the numerical evidences obtained.
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INTRODUCTION

The tau method was originally developed by
Lanzcos (Lanzcos, 1938; Lanzcos, 1956) for the
solution class of m — th order problem

Ly(x):= TM P ()yT (%) = f(x) (1.1a)
Ly(x):= T ar )y (xp) = a, k = 1(Dm
(1.1b)

wherey™ stands for the derivatives of order
y(x), f(x) and p(x), r = 0(1)n are
polynomials

(or polynomial approximations immediately der
ivable by using the tau method) of given
functions,where a, , x,, and a; are given
real numbers. The method solves problem (i) by
seeking an approximation

Ya() = B0 a,x, n< 0 (1.2)
which is the exact solution of the perturbed form
Ly,(x) = P.(x)y®(x) = f(x) + Hy(x) (1.3)
which is the conditions stated in (1.1b)

H,, (x)is the linear combination of Chebyshev
polynomials (Fox and Parker, 1968; Ortiz, 1974)
valid in the interval [a, b] and it may be of the
form

Hp(0) = X755 tngs—1Tnomarsr () (1.4)

The parameter S in (1.4) is the number of over
determination of (1.3), T,,+s4+1are the free tau
parameters to be determined by inserting (1.2)
and (1.3) and then applying the conditions

(1.1b),, we get the system of linear equations in
(n+m+ s+ Dunknown contants, a,,r =
0()n

and 74,7y ... Ty;es. The system of linear
equation in (n + m + s + 1)are then solved to
obtain the (n + m + s + 1)unknown constants
which are substituted into (1.1b) to get our
approximate solution of (1.1a)

Differential Form of the Tau Method

A Generalized Formulation for the Integrated
Variant of Tau Method for Over determined m-
th order ordinary differential equations was
reported (Badeggi et al., 2017) and Ma’ali et al.
(2016) reported derivation of three variants of
T-methods for the Class of Non-
overdetermined Ordinary Differential
Equations. Also the differential formulation of
the Tau method and its error estimate for fourth
order non-overdetermined differential
equations was reported and (Ma’ali et al., 2016).

Thus, in this paper, we shall be considering the
class of non-overdetermined third order linear
ordinary differential equations, that is,
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(P30 + P31x + P3px? + P33x®) y""(x) + (Pyo + Pogx +
Pyx?)y" (x) + (Pyo + P11x)y' (x)+ Pooy(x) = f(x),
as<x <b (1.5a)

Where P, , r, k=0(1)3 are constants and f(x)
is a polynomial , together , together with the
associated conditions

y(a) =,y (a) =, y"(a) = o3 (1.5b)

The differential form of the tau method which is
one of the variant of this method with
itscorresponding error estimation technique will
be applied to the class of I\VVPs (1.5)

Definition 1.1
The differential system
Lyn(0): = XM () 37 (6) = () + Ho(x)  (1.6a)

Ly (xpg): = ;nz_()1 Ark y(r) (i) =X, ke = 1(Dm
(1.6b)

will be called the Tau problem corresponding to
the differential system

Ly(x):= XLo B )y () = f(x) (1.7a)
Ly(e): = 2755 are y @ (tge) = o, k = 1(1)m

(1.7b)
We call the nth degree polynomial

¥n (x) which satisfies the tau problem (1.6), the
Tau approximant of (1.7) and the tau solution of
(1.6)

Definition 1.2

The number of over-determinations, S of (1.1a)
is defined as

S=Max{N,—7r;0 <r <m} (1.8)
forN, 2rand0 <r<m
Definition 1.3

The equation (1.1a) is said to be non-
overdetermined if S given by (1.8) is zero i.e if
S=0, otherwise is over-determined

Definition 1.4

The system of equation At = [ wheret =
(ag, @y, Ay, ... Ay, T1,T3, T3 ... Tymaes) ' resulting
the process of solution of (1.7) will be referred
to as Tau system of (1.6)

Error Estimation of the Tau Method

Here, we shall review the error estimation of the
tau method for the differential formulation of the
preceding section and which had been reported
by Ma’ali et al. (2013;2014)
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Error Estimation for the Differential
Formulation.

The error of e, (x) of the tau approximant
yn(x) of (1.1) given by

en(x) =y(x) — y(x), asx<b 2.1
Satisfies the equation
"o P )y () = —H,(x) (2.2)

Let us consider the perturbed error equation
L(en(0)n+1 = —Hp(x) + Hp(x) m 2n+1 (2.3)

where,

Hp (0): 2755 T Tomars2 (1) (2.40) — Hp(x): =
T2 Tmas—r Tnemers1(X) (2.4b)

Ley(xp ) =0, k=1(1m (2.4c)

The necessary (m + s — 1) equations to
determine 7, ... 7,45 and @pare  given by
equating corresponding coefficient
ofx™*ts=1 ..., x™ ™*1in equation (2.3).

A forward elimination is usedSubstituting the
expression so obtained for ¢,into (2.5) gives
(€n(%))n41 in terms of known quantities

(en())pyy = Lt () 2.5)

n-m+1

Thus, we obtain, for large n, the estimate

Pn
(n-m+1)
n-m+1

£ = gdrgpl(en()ns1l = = adxplen ()l

(2.6)

Tau Approximant by the Differential Form

We consider here, derivation of Tau
approximant and their error estimates for the
class of non-overdetermined third order ordinary
differential equations.
Ly(x) = (P3o + P31x + P3x? + P33x®) y"' (%) +
(Pyo + Pyyx + Ppox®)y" (x) + (Pyo +
Py1x)y' (x)+ Pooy(x) =

rofix", a<x<b (3.1a)
y(a) =y, y'(a) = «;, y"'(a) = «; (3.1b)
i.eInthiscasem =3,s=0

Since the transformation

_(x—a)
u_(b—a) ,a <x<b
From (1.2) and (1.8) form = 3 ands =

0, that is, for corresponding to (3.1) we have
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(P3o + P31x + P32x2 + P33x3) Z:-l:() T(T - 1)(7" - Z)arxr_3 + (PZO + P21x + Pzzxz) 2:}:0 7’(7’ - 1)ar.xr_2 + (Pl() +

P11x) Xoorarx""t + Poo Xioorarx” = Nioo fix" + 1T () + ToTp-1 (¥) + T3Tpp (%) (3.2)
where ,
To(0) = 2o V%", Ty () = XR23 ¢ V2" and Tp(x) = Bpy € Px7

which leads to,

R_olPssk(k — 1)(k — 2) + Py k(k — 1) + Pk + Poglagx® + XR2o[Pask(k + Dk(k — 1) + Pyik(k —
Dk + Pio(k + Dlag x5 + XRZ5[Ps k(k + 1) (k + 2) + Pyok(k + 2)(k + Dlagx* + XR=3[Pso(k +
3)(k + 2) (k + D]ag sx* = Th_p i + 14 Xoo CVx% + 1, TR0 8 Vak 4 1o ¥z ¢ P

(3.3)

Thus, we have
[(n(r = 1)(n = 233 + n(n = DPa + nPry + Poodan = fr = 1167 [x™+[{(n = D = 2)(n = 3)Ps5 + nn —
D(n—2)Py + (n— 1Py + Poolan—1— fn1— Tlcr(:l)1 +{n(n — 1D (n - 2)P3; + n(n — 1)P,; +nPypla, —
7261(171)1] X"+ [{n(n —2)(n—=3)P33 +n(n—2)(n—3)Py; + (n—2)Py; + Poolan-p — fr-2 — T1cr(111)z]xn_2
{n(n - 2)(n = 3)(n — 4)P33 +n(n — 2)(n — 3)Pyy + (0 — 2)Py; + Poo}an_y — fa—z — T1C
+{n(n — 1)(n — 2)P3; + n(n — 1)Pyolay — 1C75Y = 137521272 +n(n + 1) (n — 1)ap,q Pso = 0

(34)
By equating corresponding coefficient of the linear system we have
{k(k - 1)(k - 2)P33 + k(k - 1)P22 + kP11 + Poo}ak + {k(k + 1)k(k - 1)P32 + k(k + 1)kP21 + (k + 1)P00}ak+1 +
{k(k + D)k + 2)kP3y + k(k + 1)(k + 2)Pyo}ags, + (K + D) (k + 2)(k + 3)ag43P30 -
M =1, — 1, c"P —f = 0 ,k=0(1)n-3 ,
which yields
{n-2)(n=3)(n—4)P33+ (n—2)(n—3)Pp + (n — 2)Py1 + Pyolan—p +

{(n =DM =2)(n =3Py, + (n = D= 2)Pyy + (n = DPy)an_, + (n(n — V(= 2)P3; + n(n — DPyola, — 1,C00, —

100 —13Ch ) = £, =0 (3.5a)
{(n-—1)(n—-2)(n—3)P33+ (n—1)(n — 2)Py; + (n — 1Py + Pyolap_1t+{n(n — 1) (n — 2)P3, + n(n — 1)Pp; +
nPioYay — 1,0, —1,¢"Y —fo_ =0 (3.5b)
{n(n — 1)(n — 2)Ps3 + n(n — 1Py, + nPy; + Pooan — 1€ — f, = 0 (3.5¢)

The solutions of this system together with the two equations arising from condition (3.1b) for a,,r =
0(1)n and t4, 75, T3 which is subsequently leads to the approximanty, (x)

Error Estimation for Differential Form
Given that,

Lyn(x): = (P3g 4 P31x + Papx? + P33x®) vy (x) + (Pyg + Poyx + Pyx?)y" (x)

+(Prg + P11x)y' () + Pooy(x) = X0 frix",a <x<b

y(@) =, y'(a) = o, y"'(a) = «; (3.6)
Thus, for the problem above we have from (2.3)

L(en()n+1 = T1Tn1(0) + 12T (x) + 23T 1 (x) — 14 T (%) — T2Ty—1 (%) — 73Tz (%) (3.6a)
L(en()ns1 = T1Tner () + (B2 — )T (X)) + (T3 — 1) Tpoq (%) - 13T (x)(3.6D)

(€n(0))n+1 = 0,(en(0))ns1 =0 (3.6¢)

where,

(en()ne1 = x3®ct(;_112_2§(x) = 2¥;§£§§2)xr+3 (3.7)
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From the coefficient of x™*1,x™ x™" ! and x™ 2 we obtain the following system of equations

On -2 -2 -2 -2 — A 1
@{Pﬂ(n — D+ DCT? + Pon(n+ DCTSY + P+ DY + PooCP) = #{C0)

Pn - - _
i P2 (n + Dn(n — 1P + Pygn(n — D(n— 2)C57 + Pyyn(n+ 1Y
n-2

+Pn(n — D2 + Pron(n + DCTS? + PynCl3? + P3P = {08 DY + (8, — t){C™)

%{Pgl(n + Dnn - 1DC? + Pypnin — D —2)C52 + Piy(n— 1D —2)(n—3)c™? +
n-2

n-3

Pyon(n + 1DCT? + Pyyn(n — 1)CTS2 + Ppy(n— 1D (n = 2)C™2 + nPoC5 + Py(n — 1)C™,? + Py, 23
= 2 (M) + (F —1)C) + (B3 — )0 Y)

On — _
705 (Pao(n + Dnln = DC? + Pyn(n— 1D(n —2)C 7+
Psy(n— 1 = 2)(n = 3)C,? + Pys(n — 2)(n — 3)(n — 4)C" 50+

(n-2) (n-2) (n-2)

Pyon(n —1)C,257 + Ppy(n — 1) (n— 2)C, " + Ppr(n—2)(n = 3)C, ..~ +

Pio(n = 1CT2 4+ Py(n = 2)C7P + PooC™?Y = 2(C™M) + (8, — 1)C™,

(85 —T){CY = TP (3.8)
which yields,

8 [Pss(n — Dn(n+ DCTS” + Poy(n+ DnCT? + Py + DD + PooC5 7 =200

OPs;(n + Dn(n — DCT™? + Pyzn(n — 1)(n — 2)C™32 + Pyyn(n + 12

+Pyn(n —1)C2 + P+ DETP + PunC™ P +Pyonc™ 2=, + (£, — 1) C

O[P3;(n + Dnln — DCS? + Pyn(n — 1)(n - 2)C5?

+ Py3(n— D(n - 2)(n = 3)C,? + Pyon(n + DC? + Pyyn(n — 1)¢5?

+Py(n— (= 2)CT,? + PionC™3? + Pry(n — 1™ + Ppo 0= 2,5V 4 (8, — 1) C+ (85 — )Y
@[P3o(n + Dn(n — 1)61(:52) + Pyn(n—1)(n - 2)61(1’1;2) +

Py(n—1)(n—2)(n = 3)C"? + Pys(n — 2)(n — D(n — )P +

Pyon(n = 1DCIS? + Pyy(n— D(n— 2)C7 + Prp(n — 2)(n = 3)C.2 +

P10(n - 1)61(175,2) + Py (n— Z)C(n_z) + Pooc(n_Z)} = f1(C(n+1)) + (T — T1)C,5'i)z +

n->5 n->5 n-2
(T3 — Tz){C,(fl}l) - T3 Cffi;”] (3.9)
where,
Dn
Q —
(n-2)
Cn—z

Using well-known relations,

n n-1 "

Cy(ln) — 2211—1’ Cr(:i)l — _%nc(n) C(n) — _n22n—1 (310)

Solving (3.9) by forward elimination for @,,we obtain

2n-5
2 2

Op= —— 3.11)

K={[(n+ 1D —1DPs— (n— D(n = 3)Ps; + (n = D(n — 2)Pyy+(n — DVICL,?

+[(n = 2)(n = 3)(n — 4)P33 + (n — 2)Pyy + Poo]C22 — n(n — 1)(n — 2)2P3; + n(n — 1)(n — 2)Py0} (3.12)
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Thus, we have the error estimate from (2.6)
3 22n—10|T3|
Tk
Numerical Examples
We consider the application of our error
estimation formula obtained in the preceding

section for somethree (3) selected problems for
experimentation.

The exact error is defined as

* max

e = gineplly () — yn (x|}

where ,

{x,} = {0.01k},  for k = 0(1)100

The numerical results were presented in the
tables below.

Problem I

Third Order Non-Homogenous Problem

y"'(x)+8y' =—-6y +9x+2,y(0) =0,y'(0) =
0,y"(0) ==

128

with the exact solution

119c2_|_7x3 x4 0<x<1
256 " 32 16 —%S

The numerical results are represented in table |
below

y(x) =

Table I: Error and Error Estimate for Problem |

N 2 3 4 5

Error

Approximate [ 421x 107¢ | 3.65% 1077 | 5.16x 10™° |9.13x 1071°

Error €

Exact Error | 1.23x 1076 | 2.11x 1077 |4.76x 107® |3.63x 1071

&

Problem 11
y"' =y +2y=2, y(0)=0,y'(0)=1 y"(0)=0cC
The exact solution is

1
y(x) = 5(56" —4e* —e*™)0<x<1

The numerical results are represented in table Il
below
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Table Il: Error and Error Estimate for Problem
]

N 2 3 4 5

Error

Approximate | 2.01x 1073 | 4.27x 1075 |[8.56x 10~7 | 7.92x 10~°

Error &

Exact &" 3.53x 1073 | 1.41x 1075 | 3.10x 1077 | 4.05x 107°

Problem I11
y"+y =0, y(0)=0,
The exact solution is

y'(0) =1 y"(0)=2

y(x) = 2(1 — Cosx) + Sinx , 0<x<1

The numerical results are represented in table Il
below

Table 11l: Error and Error Estimate for Problem
1l

N 2 3 4 5

Error

Approximate | 6.31x 1072 | 7.65x 107* | 4.84 x 10~® |2.32x 1077

Error ¢
Exact £* 1.94x 1072 | 3.08x 10™* |2.32x 107% | 1.34x 1077
Conclusion

The differential variant of the tau method for
solution of initial value problems (IVPS) in a
class of third order ordinary differential
equations with non-overdetermination has been
presented .The tau approximant of the desired
analytic solution and the associated -error
estimate was obtained.For all the numerical
examples considered the error estimate closely
approximate the exact error. The effectiveness
of the method was demonstrated as the order of
the tau approximant was estimated.

REFERENCES

Badeggi , A.Y., Ma’ali, A.L, A. Abubakar,
Abubakar, AW and  Mohammed
,U.(2017): “A Generalized Formulation for
the Integrated Variant of Tau Method for
Over determined m-th Order Ordinary
Differential Equations”. Nigerian Research
Journal of Engineering and Environmental
Sciences(RJEES).University Of  Benin,
Nigeria. 2(1)2017 pp.203-214

LAJANS 5(1):120-125


Diqsen
Typewritten text
124


Ma’ali et al., 2020

Fox L. and Parker 1.B (1968): Chebyshev
polynomials in Numerical Analysis,
Oxford University Press, Oxford

Lanczos C. (1938): Trigonometric interpolation
of empirical and anlytic functions, J. Math.
and physics 17(1938), 123-199.

Lanczos C. (1956): Applied Analysis, Prentice
Hall New Jersey.

Ma’ali .A.l, Badeggi, A.Y., Abubakar. A,
Abubakar, AW. and Mohammed U.
(2016): “Derivation of Three Variants of -
methods for the Class of Non-
overdetermined  Ordinary  Differential
Equations, Proceedings of September 2016,
Annual National Conference of
Mathematical Association of Nigeria

Ma’ali, A.l,, Adeniyi ,R.B. and Badeggi, A.Y.
and Mohammed U. (2014):“Generalization
of Tau Approximant and Error Estimate of
Integral Form of Tau Methods For Some
Class of Ordinary Differential Equations”.
Lapai Journal of Science and Technology
(LAJOST). 2(2) 114-129

Ma’ali, A.l., Badeggi A.Y., Abubakar A.W. and
Egbako U.A. (2014): “Error Estimate in the
Numerical Solution of Ordinary
Differential Equations for IVPs Using Tau
Methods ”. Development Journal of Science
and Technology Research(DJOSTER).
3(2): 9-19

Ma’ali, A .1, Baddegi, A.Y. & Mohammed, U.
(2013) “The Differential formulation of the
Tau Method and its error estimate for fourth
order non-over determined differential
equations”. Jewel Journal of Scientific
Research 1: 142-155

Ortiz E.L. (1974): Canonical Polynomials in the
lanczos tau method, studies in numerical
analysis, (Edited by B.K.P Scaife),
Academic press, New York.

Ortiz E.L. (1969): the tau method. SIAMJ,
Numer. Analysis, 6,480-492

ISSN: 2616-0986

125

LAJANS 5(1):120-125


Diqsen
Typewritten text
125


